Following work of Mustaţȃ and Bitoun we recently developed a notion of Bernstein-Sato roots for arbitrary ideals, which is a prime characteristic analogue for the roots of the Bernstein-Sato polynomial. Here we prove that for monomial ideals the roots of the Bernstein-Sato polynomial (over C) agree with the Bernstein-Sato roots of the mod-p reductions of the ideal for p large enough. We regard this as evidence that the characteristic-p notion of Bernstein-Sato root is reasonable.
Introduction
Let R = C[x 1 , . . . , x n ] be a polynomial ring over C. We denote by D R the ring of C-linear differential operators on R, i.e. the ring generated by R and its derivations inside of End C (R). Let f ∈ R be a nonzero polynomial. Bernstein [Ber72] and Sato [Sat90] independently, and in different contexts, discovered the following fact: there is a nonzero polynomial b(s) ∈ C[s] and a differential operator P (s) ∈ D R [s] satisfying the following functional equation:
The monic polynomial b f (s) of least degree for which there is some P (s) ∈ D R [s] satisfying the above equation is called the Bernstein-Sato polynomial for f . By a theorem of Kashiwara, it is known to have negative rational roots [Kas77] .
Since its inception the Bernstein-Sato polynomial has seen a wide variety of applications. In [Mal74] Malgrange exhibited a relation between the roots of b f (s) and the eigenvalues of the monodromy action on the cohomology of the Milnor fibre of f . Kashiwara [Kas83] and Malgrange [Mal83] also used the existence of Bernstein-Sato polynomials to define V -filtrations with the purpose of defining nearby and vanishing cycles at the level of D-modules. Coming full circle, Budur, Mustaţȃ and Saito then used this theory of V -filtrations to define the Bernstein-Sato polynomial b a (s) of an arbitrary ideal a ⊆ R, which still has negative rational roots in this setting.
A key application of Bernstein-Sato polynomials comes from the fact that the log-canonical threshold of a (an invariant originally coming from complex analysis, but now with strong applications in birational geometry) is the smallest root of b a (−s). Moreover, any jumping number for the multiplier ideal in the interval [α, α + 1), where α is the log-canonical threshold of a, is a root of the Bernstein-Sato polynomial [BMS06a] . In this way, the Bernstein-Sato polynomial is a fundamental invariant in the study of multiplier ideals.
The test ideals, objects originally coming from the theory of tight closure [HH90] [HY03] , are known to give good characteristic p analogues to multiplier ideals. It is thus reasonable to ask whether one could develop a theory of Bernstein-Sato polynomials in characteristic p > 0. This hope is encouraged by the fact that, in [MTW05] , the Bernstein-Sato polynomial of an ideal a in characteristic zero has also been linked to certain characteristic p-invariants of a mod-p reduction of a.
In [Mus09] Mustaţȃ was the first to explore this avenue of research for the case of a principal ideal a = (f ) in a regular F -finite ring of characteristic p > 0. This technique has since then been refined by Bitoun in [Bit18] , and has also been generalized to the settings of unit F -modules [Sta12] and F -regular Cartier modules [BS16] .
In [QG19] Our proof relies heavily on results from [BMS06b] . In Section 2 we review the notion of Bernstein-Sato root as defined in [QG19] as well as the needed theorems from [BMS06b] . We then prove our result in Section 3.
Let us fix the notation already used above: 
Background
Until stated otherwise we work with the following setup: k is a perfect field of characteristic p > 0 and R is a regular k-algebra that is essentially of finite type.
Cartier operators
We denote by F : R → R the Frobenius endomorphism on R and, given an integer e > 0, we denote by F e its e-th iterate. We define F e * : Mod(R) → Mod(R) to be the functor that restricts scalars via F e . The R-module F e * R is then equal to R as an abelian group and we will denote an element r ∈ R as F e * r when viewed as an element of F e * R. In this way, the R-module action on F e * R is given by s · F e * r = F e * (s p e r) for all s, r ∈ R.
Given an ideal I ⊆ R and and an integer e > 0, the ideal I
[p e ] is defined to be the ideal generated by p e -th powers of elements of I; that is, I Given an integer e > 0 we let C e R := Hom R (F e * R, R). An operator φ ∈ C e R acts on R via φ · r := φ(F e * r) for all r ∈ R. In this way, given an ideal I ⊆ R the new ideal C e R · I is generated by the set {φ(F e * r) : φ ∈ C e R , r ∈ I}.
The ν-invariants
Let a ⊆ R be an ideal. The invariants ν J a (p e ) were introduced in [MTW05] . We recall the definition.
Definition 2.1. Given a proper ideal J ⊆ R containing a in its radical and an integer e > 0 we define ν
We will need the following results about ν-invariants, which are well-known to experts. 
We end with the following fact from [MTW05] , which connects the Bernstein-Sato polynomial with these characteristic p invariants of singularities.
containing a in its radical we have
This has the following interesting corollary, which suggests a way of trying to find roots of b a C (s).
The ν-invariants of monomial ideals
Fix a nonzero monomial ideal a ⊆ Z[x 1 , . . . , x n ]. In this setting whenever J is a also a monomial ideal one can define the invariant ν J a (s) (c.f. Definition 2.1), in a characteristic-free way. First of all, given a monomial ideal J ⊆ Z[x 1 , . . . , x n ] and a positive integer q (not necessarily a prime power) we define an ideal J
[q] of Z[x 1 , . . . , x n ] as follows:
If J is a monomial ideal containing a in its radical we define
Observe that both of these notations are compatible with reduction mod-p in the appropriate sense.
We now state two theorems from [BMS06b] , which roughly state that the method suggested by Corollary 2.5 for finding the roots of the Bernstein-Sato polynomial works for monomial ideals. We state them here in a slightly weaker form which suffices for our purposes. 
Bernstein-Sato roots in prime characteristic
We begin by reviewing the notion of Bernstein-Sato root from [QG19] , to which we refer the reader for details. Let k be a perfect field of characteristic p > 0 and R be a regular k-algebra that is essentially of finite-type. Let a ⊆ R be an ideal.
Using a choice of generators a = (f 1 , . . . , f r ) for a one defines a directed system of modules (ii) The operators s p i are pairwise commuting, i.e. s p i s p j = s p j s p i for all i, j ≥ 0.
(iii) The operators s p i satisfy s
Because we are in characteristic p, property (iii) is equivalent to p−1 j=0 (s p i − j) = 0. From properties (ii) and (iii) it follows that if an integer e > 0 is fixed then any module for the operators s p 0 , s p 1 , . . . , s p e−1 splits as a direct sum of multi-eigenspaces for these operators. In particular, we have
where, given α = (α 0 , . . . , α e−1 ) ∈ F e p we define N e α := {u ∈ N e : s p i · u = α i u for all i = 0, 1, . . . , e − 1}.
Given a vector α = (α 0 , . . . , α e−1 ) ∈ F e p let |α| be the nonnegative integer given by |α| := α 0 + pα 1 + · · · + p e−1 α e−1 where, by an abuse of notation, we identify each α i with its unique representative in {0, 1, . . . , p−1}.
One then has the following result regarding the vanishing of the multi-eigenspaces N e α . Recall that r is the number of generators in our initial choice. Recall that the modules N e form a directed system. Let N = lim − →e N e . Since we have multi-eigenspace decompositions for each N e it is reasonable to ask whether N has a multi-eigenspace decompositionalthough, in this case, it will be for infinitely many operators. The answer is positive and it leads to the notion of Bernstein-Sato root. N (α0,α1,. ..,) = 0.
We have the following characterization of Bernstein-Sato roots. (1) The p-adic number α is a Bernstein-Sato root of a. In particular, the Bernstein-Sato roots of a are well-defined, i.e. they are independent of the initial choice of generators for a.
Main result
Let a ⊆ Z[x 1 , . . . , x n ] be a monomial ideal. One can then consider the expansion a C of a in the polynomial ring C[x 1 , . . . , x n ] and let b a C (s) be its Bernstein-Sato polynomial. On the other hand, given a prime number p we can also consider the ideal a p , the image of a in F p [x 1 , . . . , x n ] and consider its set of Bernstein-Sato roots.
In this section, we use results from [BMS06b] to show the following. We begin with a few preliminary results.
Lemma 3.2. Let (e i ) i∈N be an increasing sequence of positive integers and ν i ∈ N be such that ν i+i ≡ ν i mod p ei for all i. Let α ∈ Z p be the p-adic limit of the sequence (ν i ). If α = α 0 + pα 1 + p 2 α 2 + · · · is the p-adic expansion of α (i.e. α j ∈ {0, 1, . . . , p − 1} for all j), then for all i we have
Proof. We have the following equivalences:
Since both ν i −⌊ Proof. Since a m is generated by polynomials of degree at most Dm we may assume that m = 1. It then suffices to show that if f ∈ R is a polynomial of degree ≤ D then the ideal C e R · f is generated in degrees
Let L := {0, 1, . . . , p e − 1} n . Observe that F e * R is a free R-module with basis {F e * x β : β ∈ L}. We can thus find polynomials
where
We claim that C e R · f = (g γ ), which will complete the proof. The inclusion (⊆) is clear. For the inclusion (⊇) we observe that if σ γ : F e * R → R is the map determined by We are now ready to begin the proof of Theorem 3.1.
Proof of Theorem 3.1. First let α be a root of the b a C (s). By Theorem 2.7 we may find a monomial ideal J ⊆ Z[x 1 , . . . , x n ], a rational number β ∈ Q and an integer M such that ν J a (q) = βq + α whenever q is large enough and q ≡ 1 mod M . Observe that, by replacing M with a big multiple, M can be chosen independently of α, and we may also assume that M β ∈ N. Let p be a prime number that does not divide M and such that α ∈ Z (p) 
Since ν e is a ν-invariant of level ed for a, by Corollary 2.3 α 0 + pα 1 + · · · + p ed−1 α ed−1 + sp e is also a ν-invariant of level ed for some s ∈ {0, 1, . . . , r − 1}, where r is the number of generators of a. By Theorem 2.8 we have that N ed (α0,...,α ed−1 ) = 0 for all e > 0. By Proposition 2.11, α is a Bernstein-Sato root of a p , as required.
We now prove the other containment. We let M be a number satisfying the conclusion of Theorem 2.6 for the ideal a, and pick p large enough so that it does not divide M . Suppose then that α is a Bernstein-Sato root of a p , and we will show that α is a root of b a C . If α = α 0 + pα 1 + p 2 α 2 + · · · is the p-adic expansion of α we observe that α 0 + pα 1 + · · · + p ed−1 α ed−1 = α − p ed γ.
Suppose a is generated by r elements. Since α is a Bernstein-Sato root of a p then by Proposition 2.11, for all e there exists some s ∈ {0, 1, . . . , r − 1} such that We can therefore find some s 0 ∈ {0, 1, . . . , r − 1} and a sequence e i ր ∞ such that Observe now that both sides of this inequality are monomial ideals which, by Lemma 3.3, are generated in degrees ≤ rD. As there are only a finite number of monomials of degree ≤ rD, by passing to a subsequence we may assume that there is a monomial µ = x On the other hand, from Theorem 2.6 we know there are rational numbers β and η such that ν J a (q) = βq + η for all q ≡ 1 mod M large enough. As p eid ≡ 1 mod M for all i, we conclude that β = s 0 − γ and η = α. By Corollary 2.5, α is a root of b a C (s), as required.
